
 

 

 
(10) 4.4 The Vertical And Horizontal Asymptotes (B) 

 

Example 1 
38   March 31, 2004 

Let ݂ሺݔሻ = ଶݔ2 − ݔሺݔ − 3ሻ ଶݔ√ + 1  
Find the vertical and horizontal asymptotes for the graph   f  ( if any)

Solution ݂ሺݔሻ = ଶݔ2 − ݔሺݔ − 3ሻ √ݔଶ + 1  = ݔሺ2ݔ   − 1ሻሺݔ − 3ሻ |ݔ|  ට1 +     ଶݔ1
.ܪ lim௫→ஶ ܣ ݂ሺݔሻ =  lim௫→ஶ ݔሺ2ݔ − 1ሻݔሺݔ − 3ሻ   ට1 + ଶݔ1 =  lim௫→ஶ 2ݔ − 1ሺݔ − 3ሻ   ට1 + ଶݔ1 = lim௫→ஶ 2 − ቀ1ݔ1 − ቁ   ට1ݔ3 + ଶݔ1  = 2 

∴ ݕ   = .ܪ      2 lim௫→ିஶ ܣ ݂ሺݔሻ =  lim௫→ିஶ ݔሺ2ݔ − 1ሻ−ݔሺݔ − 3ሻ   ට1 + ଶݔ1 =   −2 

∴ ݕ = .ܪ         2−  .ܸ ܣ ݔ ܣ − 3 = 0                → ݔ                  = 3 lim௫→ଷష ݂ሺݔሻ = lim௫→ଷష ݔሺ2ݔ  − 1ሻሺݔ − 3ሻ √ݔଶ + 1 =  − ∞ lim௫→ଷశ ݂ሺݔሻ = lim௫→ଷశ ݔሺ2ݔ  − 1ሻሺݔ − 3ሻ √ݔଶ + 1 =   ∞ ∴ ݔ   = 3            ܸ.  ܣ
 

Example 2 
59   9 July 2011 

[2+2 pts. ] : Let ݂ሺݔሻ = √ ଶݔ + ݔ1 − 3  
Find all vertical and horizontal asymptotes , if any 

Solution 

݂ሺݔሻ = ଶݔ √ + ݔ1 − 3 = ට1|ݔ| + ݔଶݔ 1 − 3 .ܪ   ܣ

lim௫→ஶ ݂ሺݔሻ =  lim௫→ஶ |ݔ|ට1 + ݔଶݔ 1 − 3 = lim௫→ஶ ݔට1 + ݔଶݔ 1 − 3 = lim௫→ஶ ට1 + ଶ1ݔ 1 − ݔ3 = 1 
 ∴ ݕ   = .ܪ      1  ܣ

lim௫→ିஶ ݂ሺݔሻ =  lim௫→ିஶ |ݔ|ට1 + ݔଶݔ 1 − 3 =   −1 ∴ ݕ   = .ܪ      1− .ܸ ܣ ݔ ܣ − 3 = 0                → ݔ                  = 3 
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 lim௫→ଷష ݂ሺݔሻ = lim௫→ଷష ଶݔ √  + ݔ1 − 3 =  − ∞ lim௫→ଷశ ݂ሺݔሻ = lim௫→ଷశ ଶݔ √  + ݔ1 − 3 =   ∞ ∴ ݔ   = 3            ܸ.  ܣ
 

Example 3 
53   July 18, 2009 A 

Let ݂ሺݔሻ = ଶݔ3√ݔ + ଶݔ1 − ݔ6 + 8  
Find the vertical and horizontal asymptotes for the graph   f  ( if any)

Solution 

݂ሺݔሻ = ଶݔ3√ݔ + ଶݔ1 − ݔ6 + 8 = ଶݔ3√ݔ + 1ሺݔ − 4ሻሺݔ − 2ሻ = ට3 |ݔ| ݔ  + ݔଶሺݔ1 − 4ሻሺݔ − 2ሻ    ܪ.  ܣ

lim௫→ஶ ݂ሺݔሻ =  lim௫→ஶ ݔ| ݔ| ට3 + ݔଶሺݔ1 − 4ሻሺݔ − 2ሻ =  lim௫→ஶ ݔଶට3 + ଶݔଶݔ1 − ݔ6 + 8 =  lim௫→ஶ ට3 + ଶ1ݔ1 − ݔ6 + ଶݔ8    =   √3            
∴ ݕ   = .ܪ       3√  ܣ

lim௫→ିஶ ݂ሺݔሻ =  lim௫→ିஶ −ݔଶට3 + ଶݔଶݔ1 − ݔ6 + 8 =   −√3  
                                 ∴ ݕ = .ܪ          3√−  .ܸ ܣ ݔሺ ܣ − 4ሻሺݔ − 2ሻ = ݔ                   0 = 2      or         ݔ = 4 lim௫→ଶష ݂ሺݔሻ = lim௫→ଶష ଶݔ3√ݔ  + 1ሺݔ − 4ሻሺݔ − 2ሻ =   ∞ lim௫→ଶశ ݂ሺݔሻ = lim௫→ଶశ ଶݔ3√ݔ + 1ሺݔ − 4ሻሺݔ − 2ሻ =  −∞  ∴ ݔ   = 2            ܸ. lim௫→ସష ܣ ݂ሺݔሻ = lim௫→ସష ଶݔ3√ݔ  + 1ሺݔ − 4ሻሺݔ − 2ሻ =  −∞ lim௫→ସశ ݂ሺݔሻ = lim௫→ସశ ଶݔ3√ݔ + 1ሺݔ − 4ሻሺݔ − 2ሻ =  ∞ 

                                                                ∴ ݔ = 4          ܸ.  ܣ
 

Example 4 
50   November 17, 2008 A

Let ݂ሺݔሻ = ݔሺ|ݔ| − 1ሻݔଶ + ݔ   
Find the vertical and horizontal asymptotes for the graph   f  ( if any)

Solution ݂ሺݔሻ = ݔሺ|ݔ| − 1ሻݔଶ + ݔ = ݔሺ|ݔ| − 1ሻݔሺݔ + 1ሻ .ܪ    lim௫→ஶ ܣ ݂ሺݔሻ =  lim௫→ஶ |ݔ|ሺݔ − 1ሻݔଶ + ݔ =  lim௫→ஶ ݔሺݔ − 1ሻݔଶ + ݔ = lim௫→ஶ ݔଶ − ଶݔݔ + ݔ = lim௫→ஶ 1 − 1ݔ1 − ݔ1 = 1                            ∴ ݕ   = .ܪ     1  ܣ
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Homework 

Find the vertical and horizontal asymptotes of   f  ( if any) 
 

1 ݂ሺݔሻ = ݔ1 − ሻݔଶ 5 ݂ሺݔ = ଶݔ5√ݔ7 + 7 

2 ݂ሺݔሻ = ଶݔ + ଶݔ1 − 1 6 ݂ሺݔሻ = ଶݔ1 − 1 + 2 

3 ݂ሺݔሻ = ݔ − ଶݔ2  7 ݂ሺݔሻ = ݔ|3 − ݔ|1 − ଷݔ  

4 ݂ሺݔሻ = ଷݔ − ݔ16  8 ݂ሺݔሻ = |ଶݔ3 ݔ |ሺݔ − 1ሻ 

 

11 
35   October  31, 

2002 A 

Find the vertical and horizontal asymptotes f, if any , for the graph   f   (if any)݂ሺݔሻ = ଶݔ√ݔ2 + ଶݔ1 + ݔ3  

Solution 

݂ሺݔሻ = ଶݔ√ݔ2 + ଶݔ1 + ݔ3 = ଶݔ√ݔ2 + ݔሺݔ1 + 3ሻ  = ට1|ݔ| ݔ2   + ݔሺݔଶݔ1 + 3ሻ .ܪ      ܣ

lim௫→ஶ ݂ሺݔሻ =  lim௫→ஶ 2ݔଶට1 + ଶݔଶݔ1 + ݔ3 =  lim௫→ஶ 2 ට1 + ଶ1ݔ1 + ݔ3  = 2  ∴ ݕ   = .ܪ      2  ܣ

lim௫→ିஶ ݂ሺݔሻ =  lim௫→ିஶ −2ݔଶට1 + ଶݔଶݔ1 + ݔ3 =   −2 ∴ ݕ = .ܪ         2−  .ܸ ܣ ݔሺݔ ܣ + 3ሻ = 0               → ݔ                = −3            or                  ݔ = 0 lim௫→ିଷష ݂ሺݔሻ = lim௫→ିଷష ଶݔ√ݔ2 + ݔሺݔ1 + 3ሻ = lim௫→ିଷష ଶݔ√2  + ݔ1 + 3 =  − ∞ 

          lim௫→ିଷశ ݂ሺݔሻ = lim௫→ିଷశ ଶݔ√2  + ݔ1 + 3 =   ∞ ∴ ݔ   = −3            ܸ.  ܣ
 


